A generically generated vector bundle on a smooth projective variety yields a rational map to a Grassmannian, called Kodaira map. We answer a previous question, raised by the asymptotic behaviour of such maps, giving rise to a birational characterization of abelian varieties.
Introduction
The aim of this work is to answer positively a question raised in the framework of the investigation on stable base loci for vector bundles started in [BKK + 15] . In the recent work [MU17] we extended the construction of the Iitaka fibration to the case of higher rank vector bundles, and the natural setting to do so is to consider asymptotically generically generated (AGG) vector bundles. A vector bundle E on a projective variety X is said to be asymptotically generically generated when some symmetric power Sym m E is generated over a nonempty open subset U ⊆ X by its global sections H 0 (X, Sym m E). In the same work we prove that if the cotangent bundle Ω X of a smooth projective variety X with Kodaira dimension 0 is strongly semiample, then the variety must be isomorphic to an abelian Variety (we say that a vector bundle E on a projective variety X is strongly semiample when some symmetric power Sym m E is globally generated). That lead to consider the question whether the generic condition AGG can lead to a birational characterisation of the abelian varieties.
In the present work we give a positive answer to this question under the hypothesis that the main conjecture of the minimal model program be satisfied: Theorem 1.1. Let X be a smooth variety of Kodaira dimension 0. Suppose that X admits a minimal model Y and that abundance conjecture holds for Y . If the vector bundle Ω X is Asymptotically Generically Generated then X is birational to an abelian variety.
In particular in dimension at most 3 we obtain:
for a globally generated rank σ M (r) vector bundle Sym m E, is always the same as the Iitaka dimension k(X, det E) of the determinant of E, while we cannot say whether this is true for an asymptotically generically generated vector bundle as the cotangent bundle in the hypotheses of the Corollary.
In order to prove the theorem we first prove that within the hypotheses we can apply a criterion due to Greb-Kebekus-Peternell (cf. [GKP16] ) to show that the minimal model Y of X is a quotient of an abelian variety, then we show that on such a quotient the cotangent bundle of a resolution cannot be Asymptotically Generically Generated unless the quotient is an abelian variety itself.
Acknowledgments
A special thank Gian Pietro Pirola and Antonio Rapagnetta for extremely helpful and very pleasant conversations that lead to the present work. And to Andreas Höring, whose comments to a previous work raised the question answered here.
Notation and previous results
We will work with projective varieties over the field C of complex numbers. When the variety X is smooth, we will denote Ω X the cotangent bundle, and identify it with the sheaf of Kähler differentials on X. As usual we will denote Ω p X = p Ω X the higher exterior powers, identified with the sheaf of holomorphic p-forms.
We give in this section the main definitions and results for base loci and Kodaira maps for vector bundles, most of the definitions can be found in [MU17] .
Stable base locus
Definition 2.1. Let E be a vector bundle on a projective variety X.
i. We call base locus of E the closed subset
is not surjective} ⊆ X and stable base locus the closed subset
ii. We say that a vector bundle E on X is strongly semiample if B(E) = ∅, i.e. if some symmetric power of E is globally generated.
iii. We say that a vector bundle E on X is generically generated if Bs(E) = X, i.e. if E is generated over a nonempty open subset U ⊆ X by its global sections H 0 (X, E).
iv. We say that a vector bundle E on X is asymptotically generically generated if B(E) = X.
Remark 2.2. In general the definition of strong semiampleness is not equivalent to the usual definition of semiampleness: it is stronger and not equivalent to the fact that O P(E) (1) is semiample. A simple counterexample to the equivalence can be found in [MU17] .
The following theorems are proved in [MU17] :
Theorem 2.3. Let X be a smooth projective variety. Then X is isomorphic to an abelian variety if and only if the cotangent bundle is strongly semiample and X has Kodaira dimension 0.
Theorem 2.4. Let X be a smooth projective surface. Then X is birational to an abelian variety if and only if the cotangent bundle of X is asymptotically generated and X has Kodaira dimension 0.
Those theorems lead to ask whether the following holds:
Question 2.5. Let X be a smooth projective variety of Kodaira dimension 0. Suppose that the cotangent bundle Ω X is asymptotically globally generated, is X birational to an abelian variety?
The main result in this work is an affirmative answer to this question, at least in the case where Minimal Model Program and Abundance Conjecture can be applied.
In order to prove these results, we apply our previous results in order to show that the theorem holds in the case a minimal model of X is smooth, then we show that within the hypotheses a singular minimal model cannot occur.
Quotients of Abelian Varieties
In this section we show that a smooth projective variety of Kodaira dimension 0 with asymptotically generically generated cotangent bundle is birational to a quotient of an abelian variety.
We will use the following theorem to show that a minimal model of the variety we are dealing with is a quotient of an abelian variety:
Theorem 3.1 (Greb-Kebekus-Peternell, [GKP16] ). Let Y be a a normal, complex, projective variety of dimension n, with at worst KLT singularities. Assume that Y is smooth in codimension 2, and assume that the canonical divisor of Y is numerically trivial, K Y ≡ 0. Further, assume that there exist ample divisors H 1 , . . . , H n−2 on Y and a desingularization π : Y → Y such that c 2 (Ω Y ).H 1 . . . H n−2 = 0. Then, there exist an abelian variety A and a finite, surjective, Galois morphism A → Y that isétale in codimension 2.
Remark 3.2. We remark that by Kawamata [Kaw85] the condition that K Y ≡ 0 is equivalent to the fact that K Y is torsion (therefore K Y is semiample and Y has Kodaira dimension 0). Abundance conjecture predicts that if K Y is nef then it is semiample, which for Kodaira dimension 0 varieties Y is the same as the equivalence between "K Y nef" and "K Y ≡ 0". Remark 3.3. For a smooth variety, the property of having an asymptotically generically generated cotangent bundle is a birationally invariant property, contrary to having a strongly semiample cotangent bundle.
In fact, if the cotangent bundle Ω X on a variety X is globally gnerated, then the cotangent bundle on the blow up X of X in a point is generically generated, but global sections do not generate it on the exceptional divisor, and the same holds for its symmetric powers.
However, as the space of global sections H 0 (X, Sym k Ω X ) of a symmetric power (or any tensor power) of the cotangent bundle is invariant by birational morphisms of smooth varieties, it is immediate to check that also asymptotic generic generation of the cotangent bundle is a birational invariant of smooth projective varieties.
Let us use the result above in order to prove that the variety X is birational to a quotient of an Abelian variety.
Proposition 3.4. Let X be a smooth projective variety with kod(X) = 0. Suppose that the cotangent bundle Ω X is asymptotically generically generated, and that X admits a minimal model Y that satisfies abundance conjecture ( i.e. Y has terminal singularities and K Y is numerically trivial). Then, there exists an abelian variety A and a finite, surjective, Galois morphism A → Y that iś etale in codimension 2. In particular X is birational to a quotient of an abelian variety by a finite group, and the quotient map isètale in codimension 2. sing has codimension at least 3 in Y , so we can suppose that H 1 ∩ · · · ∩ H n−2 ∩ Y sing = ∅. As Y is smooth and birational to X then Sym k Ω Y is generically generated for some k > 0. Now let us consider the base locus of Sym k Ω Y : this is a divisor in Y , linearly equivalent to a multiple of the canonical divisor K Y . As the Kodaira dimension of Y is 0 and Y is terminal, then any multiple of the canonical divisor does not move and its support is contained in the exceptional locus of π. So
is generated by its global sections, its determinant is trivial, and therefore it is trivial. Then
As c 1 (Sym k Ω) is a multiple of c 1 (Ω), and c 2 (Sym k Ω) is a combination of c 1 (Ω) 2 and c 2 (Ω), this implies that c 1 (Ω Y ).H 1 . . . H n−2 = 0 and c 2 (Ω Y ).H 1 . . . H n−2 = 0, and we can apply Proposition 3.1.
So we have shown that, for a Kodaira dimension 0 variety X (satisfying the MMP conjectures), if the cotangent is asymptotically generically generated then a model of X is a quotient of an abelian variety. Let us distinguish two cases according to this quotient being smooth or singular.
The smooth case
In this section we show that a smooth projective variety X with Kodaira dimension 0 and asymptotically generically generated cotangent bundle is birational to an abelian variety if a minimal model of X is smooth.
The results of this section make use of very similar constructions to some of the ones in [MU17], we will recall anyway the constructions needed.
We have proven above that a smooth projective variety X with Kodaira dimension 0 (satisfying the MMP conjectures) and asymptotically generically generated cotangent bundle Ω X has a minimal model Y which is a quotient of an abelian variety.
Let us show that if the minimal model Y is smooth then Y is an abelian variety itself:
Theorem 4.1. Let X be a smooth projective variety, suppose that the cotangent bundle Ω X is asymptotically generated by global sections, and that X is birational to a smooth quotient Y = A/G of an abelian variety by a finite group. Then Y is an abelian variety.
Proof. In order to prove that Y = A/G is an abelian variety we will prove that G acts on A by translations, i.e. we will prove that the action of G on
G for all m > 0. As Y is a smooth variety birational to X, then Ω Y is asymptotically generically generated, therefore dim
So the inclusion
But in this case the quotient will have singular points unless the action of G is trivial on H 0 (A, Ω A ): if the action of an element g ∈ G on H 0 (X, Ω A ) is given by multiplication by λ g = 1, then g acts on A by x → λ g .x + τ g for some τ g ∈ A, therefore there is a fixed point y = (1 − λ g ) −1 τ g ∈ A. Hence G acts by translations on the variety A, so the quotient Y is an abelian variety.
Remark 4.2. The proof of the last theorem is very similar to the proof that a kodaira dimension 0 variety with strongly semiample cotangent bundle is isomorphic to an abelian variety given in [MU17] , we just observe that strong semiampleness is not needed here.
The singular case
In this section we show that the cotangent bundle of a resolution of singularities of a singular quotient Y = A/G cannot be asymptotically generically generated.
We will use the following result on extensions of symmetric differentials: (logE) being reflexive for any such resolution of singularities of Y is stated by saying that "Extension theorem holds for Sym k -forms on Y ", and is considered in more generality for reflexive tensor operations on differential 1-forms on logarithmic pairs (Y, ∆).
Theorem 5.3. Let X be a smooth projective variety, and suppose that X is birational to a quotient of an abelian variety A by a finite group G, such that the quotient map isètale in codimension 2. If Y = A/G is singular, then the cotangent bundle Ω X is not asymptotically generically generated.
Proof. We apply theorem 5.1 to Y and the finite map
As A is smooth, the hypothesis trivially apply, so for any resolution of singularities Y of Y (with snc exceptional divisor E) and any m > 0 the sheaf
(logE)) and we have the following inclusions for all m > 0:
by pulling back symmetric forms on Y \ Y sing to G-invariant symmetric forms on A \ γ −1 (Y sing ) and those extend to A). Now, suppose by contradiction that X has asymptotically generically generated cotangent bundle Ω X , then the same holds for the cotangent bundle Ω Y as Y is smooth and birational to X, so for some k > 0:
but the two vector bundles have the same rank, so all the inclusions above are equalities, in particular
and
By theorem 4.1 above, we know that if Y = A/G is smooth then G acts by translations on A and indeed the inclusions are equalities in that case.
Let us show that if Y = A/G is singular the two equalities above cannot hold.
First, notice that we can apply the same arguments as in theorem 4.1 and show that H 0 (A, Sym
is given by g → χ g Id H 0 (A,ΩA) for some character χ : G → C * . Then the singular points of Y = A/G are isolated, and can be resolved by blowing-up's.
Therefore, we can study the local structure of the resolution of singularities through the following commutative diagram:
where π is the resolution of Y by blowing up the finite number of points in Y sing , γ is the quotient map, A is the fibered product of Y and A over Y and is isomorphic to the blowing-up of A in the points γ −1 (Y sing ), and f is a covering of degree |G| ramified along the exceptional locus of p.
To construct the diagram let us observe that we can choose local coordinates (u 1 , . . . , u n ) ∈ A around a point u ∈ A with non trivial stabilizer, in such a way that the action of G on A is given by
We can choose local coordinates in the blowing-up (x 1 , w 2 . . . , w n ) ∈ A around a point x ∈ A in the exceptional divisor above u ∈ A, in such a way that the blowing-up map p : A → A is given in local coordinates by (x 1 , w 2 . . . , w n ) → (x 1 , x 1 w 2 . . . , x 1 w n ) , i.e. the exceptional divisor Exc(p) is given locally by the equation x 1 = 0 and
Then the action on A lifts to the action on A that which is given in local coordinates by:
with fixed divisor x 1 = 0. Therefore we have a covering f : A → Y ramified along the divisor x 1 = 0, that in those local on A and local coordinates (y 1 , . . . , y n ) on Y is given by:
The equalities above give us the following isomorphisms of vector spaces:
Now p * is an isomorphism as p is birational, however we see that
cannot be an isomorphism: in fact, given the local coordinates above, we can choose a base du 1 , . . . , du n of H 0 (A, Ω A ). Now the holomorphic symmetric differential (du 1 ) k is pulled back to (dx 1 ) k ∈ H 0 ( A, Sym k Ω A ), and this cannot be the pull-back of a holomorphic symmetric differential in
dx 1 vanishes along the divisor x 1 = 0, and f * dy j = dw j for j = 2, . . . , n so no holomorpohic symmetric differential on Y can pull back to (dx 1 )
k .
This completes the proof of Theorem 1.1. Corollary 1.2 follows as the Minimal Model Program and Abundance Conjecture hold in dimension 3, the remark on Iitaka dimension being given below.
6 Remarks and examples
Iitaka dimension
In [MU17] we defined the Iitaka dimension of an Asymptotically Generically Generated vector bundle E on a variety X as
is the Kodaira map for the vector bundle Sym k E. We remarked that for strongly semiample vector bundles this is the same as the Iitaka dimension of the line bundle det E, but we were not able to establish whether this holds in general for all (AGG) vector bundles. However, this is the case if an AGG vector bundle has Iitaka dimension 0.
In fact we proved that for k ≫ 0 the maps ϕ Sym k E factor through the Iitaka fibration ϕ det E,∞ for the line bundle det E, and a projection. We were not able to prove that the projection they factor through is a generically finite map in general, but this must be the case if k(X, E) = 0, otherwise the image of the itaka fibration:
would be contained in a hyperplane of P(H 0 (X, (det E) ⊗m )). In particular a variety having AGG cotangent bundle of Iitaka dimension 0 must have Kodaira dimension 0.
Compact Kähler case
We remark that most of the techniques used hold in the projective case, in particular Theorem 3.1, and this is the reason for stating the main results for smooth projective varieties. However the main question makes sense also for Kähler or complex varieties.
According to [HP17] the MMP should work for Käler varieties, and does work in dimension 3, with a suitable characterization of torus quotients, so in dimension 3 the same characterization for varieties bimeromorphic to complex tori should hold, and it is worth asking whether a bimeromorphic (or biholomprphic) caracterization of complex tori holds in any dimension. We leave this to future investigations.
Higher Kodaira dimension
In [Hör13] , Höring gives a classification of varieties X of any Kodaira dimension k(X) having strongly semiample cotangent bundle Ω X , in particular he proves that these varieties are finiteétale quotients of a product of an abelian variety and a variety Y with ample canonical bundle and same Kodaira dimension as X.
In case of Kodaira dimension 0 we proved in [MU17] that we do not need to look atétale quotients, and here we prove that we have a birational characterization as well. It would be interesting to look at varieties with higher Kodaira dimension and AGG cotangent bundle as well.
Kummer varieties
The Kummer surface, being a K3-surface, in known not to have any holomorphic symmetric differentials (cf. [Kob80] ). However we can use this as an example of theorem 5.3 and can be generalized to the higher dimensional case:
Example 6.1. Let A be an abelian surface, Y = A/{±1}, and X → Y the resolution of singularities, where X is a K3 surface. The singular surface Y is not terminal, however it does have klt singularities. Then we can apply Theorem 5.1 and have a diagram as in Theorem 5.3:
with f covering of degree 2, ramified over the exceptional locus of p. For m = 2 we have: 
Example 6.2. In the same way, given an abelian variety A of dimension at least 3, a Kummer variety Y = A/{±1} has isolated singularities, and is terminal, so we can apply the constructions in Theorem 5.3. In that case the second symmetric power of the cotangent bundle cannot be generically generated, however we have that
as in the 2 dimensional case.
Remark 6.3. If we consider exterior powers instead of symmetric differentials, then we do not need to look at the logarithmic complex: in [GKKP11] it is proven that for any KLT variety X with log resolution π : X → X and for any 1 p dim X the sheaf π * Ω p X is reflexive, therefore:
) .
This is not the case for symmetric powers, as it is shown in Examples 6.1 and 6.2 above: given an abelian surface A and the corresponding Kummer surface X, resolution of the quotient Y = A/{±1}, we have:
and similarly in the higher dimensional case.
